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.2012.07.0Abstract The aim of this paper is to present an analysis for the axi-symmetric laminar boundary
layer ﬂow of a viscous incompressible ﬂuid and heat transfer towards a stretching cylinder under the
inﬂuence of a uniform magnetic ﬁeld. Instead of no-slip conditions at the boundary, partial slip is
considered. The partial differential equations corresponding to the momentum and heat equations
are converted into highly non-linear ordinary differential equations with the help of similarity trans-
formations. Analytical solutions for some special cases are obtained. Numerical solutions of these
equations are obtained by shooting method. It is found that the velocity decreases with increasing
velocity slip parameter and magnetic parameter. The skin friction as well as the heat transfer rate at
the surface is larger for a cylinder compared to a ﬂat plate.
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The MHD ﬂow and heat transfer for a viscous ﬂuid has enor-
mous applications in many engineering problems such as
MHD power generators, petroleum industries, plasma studies,
geothermal energy extractions, the boundary layer control in
the ﬁeld of aerodynamics and many others. Specially to con-
trol the behaviour of the boundary layer several artiﬁcial meth-
ods have been developed and out of that, the application of
MHD principle is an important method for affecting the ﬂow
ﬁeld in the desired direction by altering the structure of the
boundary layer.2530452.
o.in
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03The study of hydrodynamic ﬂow and heat transfer over a
stretching cylinders or ﬂat plates has gained considerable
attention due to its applications in industries and important
bearings on several technological processes. Crane [1] investi-
gated the ﬂow caused by the stretching of a sheet. Many
researchers such as Gupta and Gupta [2], Dutta et al. [3], Chen
and Char [4] extended the work of Crane [1] by including the
effect of heat and mass transfer analysis under different phys-
ical situations. Recently, various aspects of such problem have
been investigated by many authors such as Xu and Liao [5],
Cortell [6,7], Hayat et al. [8] and Hayat and Sajid [9].
Flow over cylinders is considered to be two-dimensional if
the body radius is large compared to the boundary layer thick-
ness. On the other hand for a thin or slender cylinder, the ra-
dius of the cylinder may be of the same order as that of the
boundary layer thickness. Therefore, the ﬂow may be consid-
ered as axi-symmetric instead of two-dimensional [10–12].
The study of steady ﬂow in a viscous and incompressible ﬂuid
outside of a stretching hollow cylinder in an ambient ﬂuid at
rest has been done by Wang [13]. The effect of slot suction/ier B.V. All rights reserved.
Figure 1 Sketch of the physicalmodel and the co-ordinate system.
318 S. Mukhopadhyayinjection over a thin cylinder as studied by Datta et al. [10] and
Kumari and Nath [12] may be useful in the cooling of nuclear
reactors during emergency shutdown, where a part of the sur-
face can be cooled by injecting a coolant [14]. Lin and Shih
[15,16] considered the laminar boundary layer and heat trans-
fer along horizontally and vertically moving cylinders with
constant velocity and found that the similarity solutions could
not be obtained due to the curvature effect of the cylinder.
Ishak and Nazar [17] showed that the similarity solutions
may be obtained by assuming that the cylinder is stretched
with linear velocity in the axial direction and claimed that their
study may be regarded as the extension of the papers by Grub-
ka and Bobba [18] and Ali [19], from a stretching sheet to a
stretching cylinder. Ishak et al. [20], Ganesan and Loganathan
[21] discussed the magnetic effects on horizontal and vertical
stretching cylinder respectively. Recently, Mukhopadhyay
[22] studied the effects of partial slip on chemically reactive sol-
ute transfer over a stretching cylinder.
Most of the above mentioned studies continued their dis-
cussions by assuming the no slip boundary conditions. The
non-adherence of the ﬂuid to a solid boundary, known as
velocity slip, is a phenomenon that has been observed under
certain circumstances [23]. Recently, many researchers [24–
28] investigated the ﬂow problems taking slip ﬂow condition
at the boundary. By considering the effects of partial slip at
the stretching wall and a magnetic ﬁeld, a new dimension is
added to the above mentioned study of Ishak and Nazar [17].
No attempt has been made yet to analyse the ﬂow and ther-
mal characteristics of boundary layer axi-symmetric ﬂow along
a stretching cylinder under the combined inﬂuence of slip and
uniform magnetic ﬁeld. The motivation of the present study is
to bring out the effect of partial slip on the ﬂow and heat trans-
fer phenomena in presence of magnetic ﬁeld. Using similarity
transformation, a third order ordinary differential equation
corresponding to the momentum equation and a second order
ordinary differential equation corresponding to heat equation
are derived. Using shooting method numerical calculations up
to desired level of accuracy were carried out for different val-
ues of dimensionless parameters of the problem under consid-
eration for the purpose of illustrating the results graphically.
The results obtained are then compared with those of Grubka
and Bobba [18], Ali [19] and Ishak and Nazar [17] who re-
ported the results for some special cases of the presented study.
The analysis of the results obtained shows that the ﬂow ﬁeld is
inﬂuenced appreciably by the magnetic and slip parameters.
Estimation of skin friction and heat transfer coefﬁcients which
are very important from the industrial application point of
view are also presented in the analysis.
2. Equations of motion
Consider the steady axi-symmetric ﬂow of an incompressible
viscous ﬂuid along a stretching cylinder in presence of uniform
magnetic ﬁeld (see Fig. 1). The x-axis is measured along the
axis of the tube and the r-axis is measured in the radial direc-
tion. It is assumed that the uniform magnetic ﬁeld of intensity
B0 acts in the radial direction. The magnetic Reynolds number
is assumed to be small so that the induced magnetic ﬁeld is
negligible in comparison with the applied magnetic ﬁeld. The
continuity, momentum and energy equations governing such
type of ﬂow are written as@ðruÞ
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where u and t are the components of velocity respectively in
the x and r directions, m ¼ lq is the kinematic viscosity, q is
the ﬂuid density, l is the coefﬁcient of ﬂuid viscosity, r is
the electrical conductivity of the medium, B0 is the uniform
magnetic ﬁeld, j is the thermal diffusivity of the ﬂuid, and T
is the ﬂuid temperature.
2.1. Boundary conditions
The appropriate boundary conditions for the problem are gi-
ven by
u ¼ UðxÞ þ B1m @u
@r
; t ¼ 0; T ¼ TwðxÞ at r ¼ R ð4Þ
u! 0; T! T1 as r!1 ð5Þ
Here UðxÞ ¼ U0 xL is the stretching velocity, TwðxÞ ¼ T1þ
T0
x
L
 N
is the prescribed surface temperature, U0, T0 are
the reference velocity and temperature respectively, T1 is the
ambient temperature, L is the characteristic length, N is the
temperature exponent, B1 is the velocity slip.
2.2. Method of solution
The continuity equation is automatically satisﬁed by the intro-
duction of stream function
w as u ¼ 1
r
@w
@r
; t ¼  1
r
@w
@x
Introducing the similarity variables as
g ¼ r
2  R2
2R
U
mx
 1
2
; w ¼ ðUmxÞ12RfðgÞ;
hðgÞ ¼ T T1
Tw  T1 ð6Þ
and upon substitution of (6) in Eqs. (2)–(5) the governing
equations and the boundary conditions reduce to
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ð1þ 2MgÞh== þ 2Mh== þ Prðfh= Nf=hÞ ¼ 0 ð8Þ
f= ¼ 1þ Bf==; f ¼ 0; h ¼ 1 at g ¼ 0 ð9Þ
and
f= ! 0; h! 0 as g!1 ð10Þ
where the prime denotes differentiation with respect to g,
B ¼ B1
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U0m
L
q
is the slip parameter, D2 ¼ rB20LqU0 , D is the magnetic
parameter and M ¼ mL
U0R
2
 1
2
is the curvature parameter. The
no-slip case is recovered for B = 0.Table 1 Solution for a for different values of B and D.
B Fang et al. [29] Present study
D= 0.5 D = 2 D= 0.5 D= 2
0 1.1180 2.2361 1.1180 2.2361
0.5 0.9619 2.1179 0.9619 2.11793. Analytical solutions for some special cases
One can note that if M = 0 (i.e. Rﬁ1), the problem under
consideration (with B = 0, D = 0) reduces to the boundary
layer ﬂow along a stretching ﬂat plate considered by Ali [19],
with m= 1 in that paper. Moreover, when M= 0 (stretching
ﬂat plate) subjected to (9) with D = 0 (in the absence of mag-
netic ﬁeld), the analytical solutions of Eqs. (7) and (8) are given
by Crane [1] and Grubka and Bobba [18], respectively.
The closed form solution of Eq. (7) with M= 0, B = 0 and
D= 0 is fðgÞ ¼ 1 eg.
The analytical solution of Eq. (7) for M= 0 (for stretching
ﬂat plate) in presence of magnetic ﬁeld with no-slip boundary
condition (i.e. for B = 0) is given by
ðfðgÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D2 þ 1
p 1 e ﬃﬃﬃﬃﬃﬃﬃﬃD2þ1p g
 
ð11Þ
It is easy to ﬁnd that f=ðgÞ ¼ e
ﬃﬃﬃﬃﬃﬃﬃﬃ
D2þ1
p
g and the value of
f==ð0Þ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D2 þ 1
p
.
Now let us ﬁnd the analytic solution for Eq. (7) with M= 0
(for ﬂat plate) in presence of magnetic ﬁeld and with slip at the
boundary, i.e. the solution of the equation
f=== þ ff==  f=2 D2f= ¼ 0 ð12Þ
Subject to the boundary conditions
fð0Þ ¼ 0; f=ð0Þ ¼ 1þ Bf==ð0Þ and f=ð1Þ ! 0 ð13Þ
Let us assume the solution of the form fðgÞ ¼ aþ beag.
Substituting this in Eq. (12) we get, a ¼ 1aþBa2, b ¼  1aþBa2,
where a is the root of the following equation
Ba3 þ a2  BD2a 1D2 ¼ 0 ð14Þ
Thus the solution takes the following form:
fðgÞ ¼ 1
aþ Ba2 
1
aþ Ba2 e
a g
Following Fang et al. [29], Eq. (14) can be converted to an
equation b3 + rb+ s= 0, where b ¼ aþ 1
3B
; r ¼  1
3B2
D2;
s ¼ 2
27B3
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B
. Now roots of the above equation are gi-
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 2The positive real roots of a are physically relevant. For
D = 0, this solution reduces to the solutions obtained by
Wang [21] and Andersson [22].
The solution of Eq. (13) for different values of slip param-
eter (B) and magnetic parameter (D) are presented in Table 1
which agrees with that of Fang et al. [29].
For stretching ﬂat plate with no-slip case and for N = 2,
the energy equation becomes
h= þ Prfh=  2Prf=h ¼ 0 ð15Þ
For the solution of Eq. (14) subject to the boundary
conditions
hð0Þ ¼ 1; hð1Þ ! 0 ð16Þ
Following Anjali Devi and Ganga [30], let us introduce an
independent variable n given by
n ¼ Pr
a2
eag ð17Þ
Substituting (11) and (17) in Eq. (15) we get
n
d2h
dn2
þ ½ð1 KÞ  n dh
dn
þ 2h ¼ 0 ð18Þ
The corresponding boundary conditions become
hðn ¼ 0Þ ¼ 1; h n ¼ Pra2
  ¼ 1, where K ¼ Pra2 ½a2 D2. The solu-
tion of Eq. (18) can be written in terms of conﬂuent hypergeo-
metric function as hðnÞ ¼ nK1 F1ð2þK;1þK;nÞ
Pr
a2
 K
1
F1 2þK;1þK;Pra2
 . In terms of g, h
can be expressed as
hðgÞ ¼ e
aKg
1 F1 2þ K; 1þ K; Pra2 eag
 
11F1 2þ K; 1þ K; Pra2
  ð19Þ
The heat transfer rate at the surface is given by
h=ð0Þ ¼ aKþ Pr
a
K 2
Kþ 1
 
1F1 1þ K; 2þ K; Pra2
 
1F1 2þ K; 1þ K; Pra2
  ð20Þ4. Numerical method for solution
The above Eqs. (7) and (8) along with boundary conditions are
solved by converting them to an initial value problem. We set
f= ¼ z; z= ¼ p; p= ¼ ½z2 þD2z fp 2Mp=ð1þ 2MgÞ ð21Þ
h= ¼ q; q= ¼ ½PrðfqNzhÞ þ 2Mq=ðð1þ 2MgÞ ð22Þ
with the boundary conditions
fð0Þ ¼ 0; f=ð0Þ ¼ 1þ Bc; f==ð0Þ ¼ c; hð0Þ ¼ 1 ð23Þ
In order to integrate (21) and (22) as initial value problems
one requires a value for p(0), i.e. f//(0) and a value for q(0), i.e.
h/(0) but no such values are given at the boundary. The suit-
able guess values for f//(0) and h/(0) are chosen and then inte-
Figure 2b Variation of temperature h(g) with g for several values
of curvature parameter M of the stretching cylinder with slip.
Figure 3a Variation of velocity f=ðgÞ with g for several values of
magnetic parameter D for ﬂat plate.
320 S. Mukhopadhyaygration is carried out. Comparing the calculated values for f/
and h at g= 10 (say) with the given boundary conditions
f/(10) = 0, h(10) = 0 and adjusting the estimated values,
f//(0) and h/(0), better approximations for the solutions are
given.
Taking the series of values for f//(0) and h/(0) and applying
the fourth order classical Runge–Kutta method with step-size
h= 0.01, the above procedure is repeated until the results up
to the desired degree of accuracy (105) are obtained.
5. Results and discussions
In order to analyse the results, numerical computation has
been carried out using the method described in the previous
section for various values of the curvature parameter (M),
magnetic parameter (D), slip parameter (B), temperature expo-
nent (N) and Prandtl number (Pr). For illustrations of the re-
sults, numerical values are plotted in Figs. 2a–7d.
For the veriﬁcation of accuracy of the applied numerical
scheme, a comparison of the present results corresponding to
the heat transfer coefﬁcient [h/(0)] for B = 0 (in the absence
of slip), D = 0 (in the absence of magnetic ﬁeld) and M= 0
(i.e. for stretching ﬂat plate) with the available published re-
sults of Ishak and Nazar [17], Grubka and Bobba [18], Ali
[19] is made and presented in Table 2 and the results agree well
with that of others.
Moreover, the numerical and exact solutions for stretching
ﬂat plate in case of no-slip at the boundary are presented in
Table 3. This table also shows the error obtained in numerical
solutions.
Let us ﬁrst concentrate on the effects of curvature parame-
ter M on velocity distribution in presence of uniform magnetic
ﬁeld. In Fig. 2a, horizontal velocity proﬁles are shown for dif-
ferent values of M. The horizontal velocity curves show that
the rate of transport decreases with the increasing distance
(g) of the sheet. In all cases the velocity vanishes at some large
distance from the sheet (at g= 10). The velocity increases with
increasing values of M. The velocity gradient at the surface is
larger for larger values of M, which produces larger skin fric-
tion coefﬁcient. As the lateral surface of cylinder changes
according to curvature parameter M= 0, 0.25, 0.5, 0.75, 1,
the curvature parameter has substantial effects on velocity
and temperature distributions.Figure 2a Variation of velocity f=ðgÞ with g for several values of
curvature parameter M of the stretching cylinder with slip.
Figure 3b Variation of velocity f=ðgÞ with g for several values of
magnetic parameter D for stretching cylinder.Effects of curvature parameter on the temperature distribu-
tion are presented in Fig. 2b. Temperature is found to decrease
with the increasing curvature parameter M.
The temperature gradient at the surface increases as M in-
creases and the thermal boundary layer thickness decreases
with increasing M. Thus the surface heat transfer rate increases
as M increases. Hence, the local Nusselt number Nu ¼ h=ð0Þﬃﬃﬃﬃ
Re
p
h i
increases with increasing M.
Figure 5 Variation of temperature h(g) with g for several values
of Prandtl number Pr for stretching cylinder.
Figure 4c Variation of temperature h(g) with g for several values
of slip parameter B.
Figure 4b Variation of velocity f=ðgÞ with g for several values of
slip parameter B for stretching cylinder.
Figure 3c Variation of temperature h(g) with g for several values
of magnetic parameter D for ﬂat plate.
Figure 6a Variation of temperature h(g) with g for several values
of temperature exponent N for ﬂat plate.
Figure 4a Variation of velocity f=ðgÞ with g for several values of
slip parameter B for ﬂat plate.
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magnetic parameter for ﬂat plate and stretching cylinder
respectively. Figs. 3a and 3b demonstrate the effects of mag-
netic parameter (D) on velocity for a stretching ﬂat plate (i.e.
for M= 0) and a stretching cylinder (i.e. for M= 1) respec-
tively. From both the ﬁgures it is very clear that, with the
increasing D, the horizontal velocity is found to decrease
(Figs. 3a and 3b). This feature prevails up to certain heights
and then the process is slowed down. The magnetic parameterD has a substantial effect on the solutions. It is obvious that
the presence of magnetic ﬁeld causes higher restriction to the
ﬂuid, which reduces the ﬂuid velocity (Figs. 3a and 3b). Actu-
ally, the magnetic ﬁeld opposes the transport phenomena. This
is due to the fact that with the increasing D, the Lorentz force
associated with the magnetic ﬁeld increases and it produces
more resistance to the transport phenomena. But the magnetic
Figure 6b Variation of temperature h(g) with g for several values
of temperature exponent N for stretching cylinder.
Figure 7b Variation of heat transfer coefﬁcient h=ð0Þ with
magnetic parameter D for several values of curvature parameterM.
Figure 7a Variation of skin friction coefﬁcient f==ð0Þ with
magnetic parameter D for several values of curvature parameterM.
Figure 7d Variation of heat transfer coefﬁcient h=ð0Þ with slip
parameter B for two values of magnetic parameter D.
Figure 7c Variation of skin friction coefﬁcient f==ð0Þ with slip
parameter B for two values of magnetic parameter D.
322 S. Mukhopadhyayﬁeld enhances the temperature at all points leading to increase
in thermal boundary layer thickness (Fig. 3c).
Now the velocity proﬁles are presented for the variation of
velocity slip parameter for ﬂat plate and stretching cylinder
respectively. Figs. 4a and 4b demonstrate the effects of velocity
slip parameter (B) for a stretching ﬂat plate (i.e. for M= 0)
and stretching cylinder (for M= 1) on velocity proﬁles respec-
tively. With the increasing B, the horizontal velocity is foundto decrease (Figs. 4a and 4b). This feature prevails up to cer-
tain heights and then the process is slowed down. When slip
occurs, the ﬂow velocity near the stretching wall is no longer
equal to the stretching velocity of the wall. With the increase
in B such slip velocity increases and consequently ﬂuid velocity
decreases because under the slip condition, the pulling of the
stretching wall can only be partly transmitted to the ﬂuid. It
is noted that B has a substantial effect on the solutions.
B = 0 corresponds to the no slip case. But the temperature in-
creases with increasing B (Fig. 4c).
It is noted that temperature decreases with increasing Pr
(Fig. 5). An increase in Prandtl number reduces the thermal
boundary layer thickness. The local Nusselt number increases
with increasing Pr as the higher Prandtl number ﬂuid has a
lower thermal conductivity (or a higher viscosity) which results
in thinner thermal boundary layer and hence, higher heat
transfer rate at the surface. It is also observed that the effects
of Pr is much more prominent for ﬂat plate compared to
stretching cylinder. Prandtl number signiﬁes the ratio of
momentum diffusivity to thermal diffusivity. Fluids with lower
Prandtl number will possess higher thermal conductivities (and
thicker thermal boundary layer structures) so that heat can dif-
fuse from the wall faster than for higher Pr ﬂuids (thinner
boundary layers). Hence Prandtl number can be used to in-
crease the rate of cooling in conducting ﬂows.
Table 2 Values of ½h=ð0Þ for several values of temperature exponent N for ﬂat plate (M= 0) with D = 0 (in the absence of
magnetic ﬁeld) and Pr = 1.
N Ishak and Nazar [17] Grubka and Bobba [18] Ali [19] Present study
0 0.5820 0.5820 0.5801 0.5821
1 1.0000 1.0000 0.9961 1.0000
2 1.3333 1.3333 1.3269 1.3332
Table 3 Values of ½f==ð0Þ obtained from analytical and
numerical solutions.
D Analytical solution Numerical solution Error
0 1.0000000 0.99005806 0.00994194
0.5 1.1180340 1.1056039 0.012430088
1 1.4142135 1.3943545 0.019859062
1.5 1.802775638 1.7705669 0.032208737
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perature exponent N for stretching ﬂat plate (M = 0) in pres-
ence of magnetic ﬁeld. It is seen that temperature increases
with increasing values of N and temperature overshoot (i.e.
the temperature proﬁles exceed the values at the edge of the
boundary layer) is noted near the plate for N > 0. Tempera-
ture increases with N but no temperature overshoot is noted
for stretching cylinder (M= 1) (Fig. 6b). It is noted that
increasing N increases the local Nusselt number.
Figs. 7a and 7b present the behaviour of skin friction and
heat transfer coefﬁcients with the magnetic parameter D for
three values of curvature parameter. Magnitude of the skin
friction coefﬁcient increases with increasing magnetic parame-
ter D and also with the curvature parameter M. This feature
also supports the earlier ﬁndings in Figs. 1a, and 2a. From
the ﬁgure it is very clear that shear stress at the wall is negative
here. Physically, negative sign of f==ð0Þ implies that surface ex-
erts a dragging force on the ﬂuid and positive sign implies the
opposite. This is consistent with the present case as a stretching
cylinder which induces the ﬂow is considered here. From
Fig. 7b it is very clear that the magnitude of heat transfer coef-
ﬁcient decreases with magnetic parameter D. This is consistent
with the ﬁndings in Figs. 2b and 3c. Fig. 7c displays the behav-
iour of skin friction coefﬁcient with slip parameter B for two
values of magnetic parameter D. Magnitude of skin friction in-
creases with increasing slip parameter but it decreases with
magnetic parameter. This is consistent with the earlier ﬁndings
of Figs. 4b and 3b. Fig. 7d displays the nature of heat transfer
coefﬁcient with slip parameter B. It is found that heat transfer
coefﬁcient increases with increasing magnetic parameter D but
decreases with slip parameter B.
6. Conclusions
The paper presents the numerical solutions for steady bound-
ary layer slip ﬂow and heat transfer along a stretching cylinder
in presence of uniform magnetic ﬁeld. The curvature parame-
ter of the stretching cylinder plays a vital role by affecting ﬂow
and temperature ﬁeld both. The rate of transport is consider-
ably reduced with increasing values of curvature parameter
M. The results pertaining to the present study indicate thatdue to increasing magnetic and slip parameters, velocity de-
creases but the temperature increases. The surface shear stress
and the heat transfer rate at the surface increase as the curva-
ture parameter increases.
It is hoped that, the physics of ﬂow over the stretching cyl-
inder can be utilized as the basis for many engineering and sci-
entiﬁc applications with the help of the present model. The
results pertaining to the present study may be useful for the
different model investigations. The ﬁndings of the present
problem are also of great interest in different areas of science
and technology, where the surface layers are being stretched.Acknowledgement
Thanks are due to the honourable reviewers for their construc-
tive suggestions which helped a lot to the improvement of the
quality of the paper.
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